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Examples for 2D Looping Theorem
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Figure 1: 𝑃 is properly closed; 𝑃𝑘 overlays 𝑃 and hence is also properly closed.
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Figure 2: 𝑃 (left) is closed and not proper (𝜃 = 120◦); 𝑃𝑘 (right) is properly closed ⇔ 𝑘 mod 3 = 0.
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Figure 3: 𝑃 (left) is proper (𝜃 = 0◦) and not closed; 𝑃𝑘 (right) is proper and not closed.
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Figure 4: 𝑃 (left) is neither closed nor proper (𝜃 = 144◦); 𝑃𝑘 (right) is properly closed ⇔ 𝑘 mod 5 = 0.
There is a separate movie that shows the initial state rotating to the final state.
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Figure 5: 𝑃 (left) is neither closed nor proper (𝜃 = golden angle ≈ 137.5◦);
𝑃𝑘 (right) is neither closed nor proper.

2



Constructing the screw operation between two 3D turtle states

Given an initial and final turtle state in 3D, the screw operation that transforms the initial state to final
state can be constructed with the following steps.

1. Translate (a copy of) the final attitude to the initial position.

2. Determine the Euler axis and Euler angle for the rotation that the transforms the initial state in that
translated final state. There are many way to do so; see the survey [1]. A geometric construction
is available in [2] (see Fig. 6).

Figure 6: Two turtle states 𝑥𝑦𝑧 and 𝑥′𝑦′𝑧′ (top left);
pairwise displacements 𝑥′ − 𝑥, 𝑦′ − 𝑦, 𝑧′ − 𝑧 (top right);

bisector planes of displacements, intersecting in rotation axis (bottom left);
projections on plane normal to axis with rotation angle (bottom right)

3. The Euler axis gives the direction of the screw axis. (N.B. The Euler axis passes through the initial
position, but the screw axis need not do that.)

4. The Euler angle is the angle 𝜃 of the screw operation.

5. Consider the plane with the Euler axis as normal vector, passing through the initial position. The
distance between this plane and the final position is the translation distance 𝑑 of the screw operation.

6. Project the final position onto the plane of the preceding step, and find the rotation center for
rotating the initial position to the projected final position over angle 𝜃. The screw axis passes
through this rotation center. This part of the construction is the same as for the 2D case described
in Fig. 1 of the paper.
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Examples for 3D Looping Theorem

Figure 7: 𝑃 (left) is neither closed nor proper (𝜃 = 120◦) and not planar (𝑑 > 0);
𝑃𝑘 (right) is not closed, and it is proper ⇔ 𝑘 mod 3 = 0.

Figure 8: 𝑃 (left) is neither closed nor proper (𝜃 = 120◦) but planar (𝑑 = 0);
𝑃𝑘 (right) is closed, and proper ⇔ 𝑘 mod 3 = 0;

𝑃3 is knotted, not self-intersecting with winding number 2.
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