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Abstract 
 

I present several ways to create images from sequences of integers. Methods are explored that employ discrete 

symbols and continuous curves. Various types of integer sequences are presented as examples, including digits of 

irrational numbers, real-valued and Gaussian integers, and sequences arising from numeral substitution rules. 

 

 

Introduction 
 

In the field of two-dimensional visual art, “algorithmic” art often brings to mind generative art or fractal 

art, both of which rely heavily upon iterations of real numbers. The present work discusses several ways 

to create art using instead, sequences of integers. By their nature, integers are discrete, a characteristic that 

can greatly impact the choice of rendering method. While several examples of integer sequences are 

given, a comprehensive source is the Online Encyclopedia of Integer Sequences [1]. 

 

 

Symbols 
 

Artists can use symbols, which are discrete, in a variety of ways to represent elements of a sequence. 

Perhaps the simplest is to have each symbol stand for a member of set, the count of which is the number. 

Figure 1 shows this method for the sequence of triangle numbers (1, 3, 6, 10, …). 

 

 
Figure 1: Illustrating the triangle numbers 1, 3, 6, and 10. 

 

Gilbert [2] explored the notion of expressing Gaussian integers (complex numbers with integer real 

and imaginary parts) in complex bases, e.g., in a base of 1-i. It turns outs that doing so reveals 

approximate fractal structure in the values that can be expressed with a given number of digits. Since 

Gaussian integers form a lattice in the complex plane, dots of finite size are effective in filling the image 

with color while only showing a relatively few numbers. By adding color, each dot can also show how 

many digits are required to express a particular number. In Figure 2, the locations of the dots reflect the 

integer expressed, and the shading indicates how many digits are required to represent the number using 

the numerals {0, 1} and the base 1+i. Two open dots indicate the two single-digit numbers, 0 (0+0i) and 1 

(1+0i), and the shading darkens as the number of digits increases. The solid black dots show 14 of the 16 
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numbers that require five digits.  The two numbers 100001+i (-4+0i in decimal) and 111111+i (-4+5i in 

decimal) are drawn as a square and a triangle, respectively, for clarity. 

 

 

Figure 2: The 32 five-digit complex numbers in base 1+i. 

 

By varying the shapes of the symbols, additional information can be encoded. For example, in 

Figure 3, 10 symbols are used to represent the numerals 0–9. The top row contains 0–4 (left to right) and 

the bottom row shows 5-9 (left to right). These are employed in to show the digits in the first six powers 

of 5. Each column is read from the top down, with the digit in the ones place along the bottom row. The 

leftmost column has a single symbol for 5. Moving to the right, the columns show 25, 125, 625, 3,125, 

and 15,625 (in the rightmost column). Patterns in the digits are made clear, such as the last digit always 

being 5, the last two digits being 25, and the last three oscillating between 125 and 625. The author’s 

image “Decimal Powers of 5” [3] shows this for powers up to 511. 

 

 

Figure 3: Symbols for 0–9 (above) used to  

illustrate the first six powers of 5 (right).  
 

“Numerator 3” [3] uses this technique to explore “long primes” in base 3. A long prime is a prime 

number n such that fractions with a denominator of n have decimal expansions containing repeating 

blocks of n-1 digits. For example, in base 10, 7 is a long prime. The fraction 1/7 has the decimal 

expansion 0.142857142857…, where the block “142857” is six digits long and repeats infinitely. 

Likewise, 4/7 = 0.571428571428…, where the block “571428” is also six digits long and is repeated 
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infinitely. In base 3, 5 is a long prime; 1/5 in base 3 is 0.01210121…, where the four-digit block “0121” 

repeats. In “Numerator 3,” the decimal expansions of seven fractions are shown simultaneously:  3/233, 

3/257, 3/269, 3/281, 3/283, 3/293, and 3/317. In each case, the denominator is a long prime in base 3 and 

the digits of the base three expansions are shown. Each star-shaped cell is a composite of seven astroid 

shapes, one for each fraction. The orientation of the astroid reveals the value of the digit and each fraction 

is distinguished by the size of its astroid. The denominators were chosen such that the digits would not 

repeat over the extent of the image. Figure 4 shows the image and a magnification, showing the detail. 

 

  

Figure 4: “Numerator 3” and magnification of its center. 

 

By using symbols whose shapes tile the plane, the artist can move even further away from pure 

technical illustration into art. Figure 5(a) presents a series of 10 square tiles, representing the numerals 0 

(left) through 9 (right). In Figure 5(b), these tiles combine to show the first nine digits of pi (3.14159265, 

moving from left to right, top to bottom); solid gray bars separate the tiles for clarity. In Figure 5(c), the 

first 25 digits are shown. Without the bars, the distinct tiles are diminished, leaving the viewer to consider 

the image’s overall nature. Even though  is an irrational number, its digits are an infinite sequence 

whose distribution is indistinguishable from being random. 

 

Of course, squares are not the only shape that tiles the plane. Using thin vertical rectangles, images 

reminiscent of Bridget Riley’s op-art [4] can be created. The author’s images “Serotinal” [3] and 

“Verdant” [3] are two examples.  Each uses stripes of 10 different, but coherent, colors to represent 

elements of numeral substitution sequences. In both cases, the sequence begins with a single integer and a 

substitution rule is repeated—at each step, substitute each numeral in the string with the sum of it plus a 

constant number. In “Verdant,” the sequence began with 1 and 18 was added to each digit. The sequence 

continues:  1, 19, 1927, 19272025, 1927202520182023, etc. The image is drawn from a later step in the 

sequence with 3,000 digits. A smaller version of this type of image is shown in the top of Figure 6. The 

bottom shows the effect of using a different substitution rule—each numeral is replaced with its square, 

beginning with 5. Each strip represents a numeral from 0 (black) to 9 (white). 
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a) Tiles representing numerals 0 – 9. 

  

b) First nine digits of  c) First 25 digits of . 

Figure 5: Using tiles to illustrate digits of . 

 

 
 

 

Figure 6: Numeral substitution sequences illustrated with vertical strips. 

 

 

Curves 
 

Even though the integers are discrete, rather than continuous, there are ways to create images of their 

sequences using curves. One method is with a spline, which is a curve that is designed to pass through 

each point in a given set of points. The key, then, is to align the given points with the integer sequence. In 

Figure 7, the black dots represent the numbers 0 – 9 and the sequence of interest is the first four primes:  

2, 3, 5, and 7. Two splines are shown (thin black and thick gray curves), each beginning at 2, passing 

through 3 and 5, and ending at 7. Both curves are Lagrange polynomial splines [5], which are completely 

determined by the given points through which the curves are required to pass. Because a Lagrange 

polynomial is required to pass through all of the given points, the curve can take wild twists and turns. 

Figure 8 shows how this characteristic can be exploited for aesthetic interest. By defining additional given 

points, which are not shown in the image, the splines can take on radically different shapes. 
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Figure 7: Two Lagrange splines interpolating the points 2, 3, 5, and 7. 

 

This technique can be expanded by using a characteristic of fractions: if the denominator of the 

fraction (in lowest terms) has prime divisors not shared by the base of the number system, then the 

decimal expansion of the fraction will eventually repeat. For example, 1/41 = 0.0243902439…, repeating 

02439 forever, because 41 has no prime factors in common with the base, 10. So, as an integer sequence, 

the digits of 1/41 form a repeating pattern. This can be reflected in the spline by having the ends of the 

curve come together, forming a loop. Figure 8 shows this for 1/7 = 0.142857… Figure 8(a) (left) has the 

digits 0–9 arranged in a line (0 on the left to 9 on the right) and Figure 8(b) (right) has them in a circle (0 

at the 3 o’clock position, then increasing counter-clockwise). In either case, begin at the 1 dot and move 

to the 4 dot. Continue along the curve in that direction and you’ll encounter 2, 8, 5, and 7, in order, and 

then back to 1 to begin repeating the pattern. And since 7 is a cyclic number (in base 10), all of the 

fractions with denominators of 7 have decimal expansions that repeat the same block. For example, begin 

at the 8 and move to the 5 and the sequence for the digits of the decimals of 6/7 (0.857142…) will be 

traced out. 

 

  

Figure 8: Spline examples representing the repeating digits of 1/7 (0.142857…)  

along a line (left) and around a circle (right). 
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Figure 9: “Day 130,” representing the digits of 130/365 (0.35616438…). 

 

Figure 9 [3], “Day 130” shows this technique applied to the fraction 130/365 (= 26/73 = 

0.35616438…). This fraction corresponds to May 10 (the author’s birthday) being the 130th day of a 365-

day year. Multiple paths are shown, all passing through the same given points, for aesthetic interest. 

 

The methods discussed thus far have used one sequence at a time, but there are many ways to 

combine two sequences into the same image. If the elements of one sequence are used as the x-

coordinates and the elements of the second sequence as the y-coordinates, then a curve can be drawn 

connecting the points in the x-y plane. Generally, this will not be an interesting plot, unless the two 

sequences are related. Two sequences that are ideally suited for this are the signature sequence [6] of u 

and that of 1/u, where u is a positive irrational numbers. If u is irrational, then it cannot be represented 

exactly as a fraction, i/j (for integers i and j). If u is an irrational number, then v = i - ju is irrational, and v1 

= v2 if and only if i1 = i2 and j1 = j2. Thus, for any integers i and j, the v values can be sorted from low to 

high, and the i values in the sorted list are the signature sequence for u. The j values form the signature 

sequence for 1/u. When plotted together, the sequences create a continuous series of line segments that do 

not appear to cross (for any irrational value of u). Figure 10 shows an example for u = , the Golden 

Mean, approximately 1.618034. The three images show the sequences generated for i and j varying 1–10 

(left), 1–20 (center), and 1–40 (right). 

 

   

Figure 10: The signature sequences of  and 1/ drawn as continuous lines  

on a 10 × 10 grid (left), a 20 × 20 grid (center), and a 40 × 40 (right). 
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Finally, let’s look at “random” walks. With an actual random walk, segments (straight or curved) are 

drawn, with the length and/or direction of the segments being given by random numbers. Here, I use the 

terms of sequence(s) to determine the length and direction, so these are not true random walks, but may 

appear to be in some cases. There are many ways to do this; some of which I described in a previous 

essay [7]. In my “Fibonacci Word” series of images [3], I employed this method with the Fibonacci word 

sequence. This sequence is built in a way similar to the normal Fibonacci sequence—each subsequent 

term is the sum of the previous two. However, the Fibonacci word is a string of two characters, such as A 

and B or 1 and 2. Using 1 and 2, the word is built in iterations, beginning with 1 and 12. From there, the 

previous two terms are concatenated (immediately previous + second previous) to produce the new term. 

After 1 and 12, the next terms are:  121, 12112, 12112121, etc. Image “Fibonacci Word 1” (see Figure 11) 

was produced using the 16th step of the sequence, the elements determining how much to turn between 

straight-line segments. 

 

 
Figure 11: “Fibonacci Word 1”. 

 

Other curves can be used instead of straight lines. One alternative is quarter-circle arcs (any angular 

width arc can be used, but quarter-circle arcs are easy to work with). In Figure 12, the first digits of  are 

used to create the circular-arc walks. In all four cases, the radius of the arc is given by the digit (i.e., the 

first two digits are 3 and 1, so the first two arcs have radii of 3 and 1 units, respectively). However, the 

turn direction between arcs needs to be determined. At the end of the current curve, there are two choices 

for adding a new arc—clockwise or counter-clockwise movement around the new arc. In Figures 12(a) 

and (b), all the arcs were set with the direction being counter-clockwise. In Figures 12(c) and (d), the 

odd/even parity of the digit determined if the direction was clockwise or counter-clockwise. Each curve 

begins at the open dot and ends at the open square. 

 

    
a) 10 digits, all turns 

counter-clockwise 

b) 100 digits, all turns 

counter-clockwise 

c) 10 digits, direction 

determined by odd/even 

d) 100 digits, direction 

determined by odd/even 

Figure 12: Quasi-random walks using digits of  and quarter-circle arcs. 
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Two final examples are shown in Figure 13. Since no prime number is a perfect square, the square 

roots of prime numbers are irrational numbers, and each root is an irrational number, whose digits form 

an infinite sequence of positive integers. In Figure 13(a), the radii of the arcs are given by the digits of √2 

and the turn directions by the odd/even parity of the digits of √7 (odd, clockwise and even, counter-

clockwise). Similarly, the curve in Figure 13(b) is determined by the digits of √5 (radii) and √3 (turn 

directions). 

 

  
a) radius = digit of √2, turn determined by  

parity of digits of √7 

b) radius = digit of √5, turn determined by  

parity of digits of √3 

Figure 13: Random walks using digits of √2, √3, √5, and √7 
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